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The Structure  of Orthoclase  
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(Received 16 June 1960) 

A new structural study of orthoclase has confirmed that this felspar shows a partially ordered Si, AI 
distribution. No final decision is reached on the true symmetry of orthoclase--whether monoclinic 
or an intimate intergrowth of triclinic units, but any departure from monoclinic symmetry is 
probably very small. The details of the structure are discussed in relation to those of sanidine and 
microcline, with special reference to the configuration of the tetrahedral groups, the environment 
of the potassium atom, and the application of the charge-balance hypothesis concerning the stability 
of the alkali felspars. 

1. I n t r o d u c t i o n  

The material studied is a colourless orthoclase from 
Mogok, Upper Burma, obtained from Dr E. Spencer 
and designated by him (1930, 1937) as Specimen C. 
Its structure has already been examined by Chao, 
Hargreaves & Taylor (1940). The present authors, 
while accepting full responsibility for the conclusions 
reached in this re-examination of the structure, wish 
to emphasize their indebtedness first to Dr J. V. Smith 
(Department of Mineralogy, Pennsylvania State Uni- 
versity, University Park, Pennsylvania, U.S.A.) who 
took the X-ray photographs for axes [100], [010] and 
[001], and afterwards to Miss A. Vos~ (Laboratorium 
voor Anorganische en Fysische Chemie, Rijksuniver- 
siteit, Groningen, The Netherlands) and Miss J. Unwin 
(of this Laboratory) who measured the intensities of 
reflexions on these photographs and carried out the 
first stages of refinement of the structure. We are also 
indebted to Dr P. Gay and Mr K. Rickson (Depart- 
ment of Mineralogy and Petrology, Cambridge) for 
preparing X-ray photographs for the axis [110] for 
our use. 

The original structure-analysis of this material 
(Chao et al., 1940) showed a marked difference in the 
sizes of the two crystallographically distinguishable 
tetrahedra in the monoclinic unit cell, and this was 
interpreted as corresponding to partial ordering of the 
Si and A1 atoms--8 Si atoms in the tetrahedral groups 
at sites 'Sic', and 4 S i + 4 A 1  atoms randomly dis- 
tributed over the somewhat larger tetrahedra at sites 
'Sil'. Later Cole, SSrum & Kennard (1949) demon- 
strated that the accuracy of the earlier work was 
insufficient to establish with certainty this partially- 
ordered Si, A1 distribution. Laves and his co-workers 
(see, for example, Laves, 1952) consider that  microcline 
and sanidine are the only stable forms of KA1Si3Os, 
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regard monoclinic orthoclase as an unstable form, and 
believe that  most apparently monoclinic low-tem- 
perature potassium felspars correspond to submicro- 
scopically twinned (triclinic) microcline domains. 
Finally Ferguson, Traill & Taylor (1958) have sug- 
gested that  if local balance of charge controls the 
stability of alkali felspar structures then for potassium 
felspar maximum stability would correspond to 
partial ordering in a monoclinic structure with 
(0.36 A1+0.64 Si) in site Sil and (0.14 Al+0.86 Si) 
in site Si2. The new analysis of Spencer's orthoclase C, 
described in the present paper, confirms that  tetra- 
hedra Sil are larger than tetrahedra Sic, though the 
difference in size is much less than was previously 
suggested and corresponds to a smaller degree of 
ordering (0.3 Al+0-7 Si) in Sil and (0.2 A1 +0.8 Si) in 
Sic. The meaning of these findings is discussed fully 
in Section 5. 

General accounts of the potassium felspar structure 
are available in Cole et al. (1949) and in Bailey & 
Taylor (1955), and the former authors quote accurate 
values of unit-cell dimensions and physical properties 
for Spencer's Specimen C. 

2. E x p e r i m e n t a l  

The crystal used for a set of X-ray photographs 
around [100], [010] and [001] axes was very nearly 
cubic in shape, with edge 0-4 mm. Additional [100] 
photographs were obtained from another crystal 
0.14 × 0.14 × 0.42 mm., with length along [100]. Re- 
flexions 0]cl of medium intensity were measured on 
both sets of [100] photographs, and the average values 
used in the structure-analysis; weak reflexions were 
measured on the first set (large crystal), strong 
reflexions on the second set (small crystal). A two- 
dimensional correction for absorption computed for 
the [010] photographs proved to be much smaller than 
the expected experimental error of measurement, and 
so no absorption corrections were applied to the [100] 
and [001] photographs. 
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A set of photographs around [110] was obtained 
from a crystal  in the form of an irregular rectangular  
parallelepiped 0.32 x 0.26 x 0-35 mm. The accuracy of 
measurement  of the intensit ies justif ied the applica- 
t ion of a three-dimensional  procedure for correction 
of absorption errors, developed for use on Edsae I I  
by  M. Wells. 

All intensit ies were measured by  eye-comparison of 
the photographs with a s tandard  intensity-scale.  
Lorentz and polarization corrections were calculated 
in the usual  way or (later) on Edsac II. 

3. Special features of the structure-analysis 

The unit-cell  dimensions for this mater ia l  quoted by 
Cole et al. (1949) have been used throughout.  Wi th  
the fair ly  accurate structure of Chao et al. (1940) as 
a start ing-point,  successive ref inements  have been 
obtained from difference-syntheses. The following 
special points  require discussion. 

(i) Symmetry and space group 
All previous X-ray  measurements  on this mater ia l  

have been in conformity with monoclinic holohedral 
symmet ry  and space group C2/m (using the conven- 
t ional axes). (Chao, Smare & Taylor, 1939; Chao et al., 
1940; Cole et al., 1949; Bailey, Ferguson & Taylor,  
1951.) In  view of the suggestion due to Laves (1952) 
tha t  monoclinic orthoclase is real ly buil t  up from 
triclinic microcline, the evidence for a t ru ly  monoclinic 
structure must  be scrutinized with care. 

The positions of the reflexions in our X-ray  photo- 
graphs correspond to a uni t  cell showing no significant 
departure from monoclinic geometry with 

/~ = 116.015, c~ = 90, ), = 90 °. 

Our measurements  of intensit ies of reflexion, more 
accurate t han  those hi therto available for this material ,  
have been used to test  pairs of reflexions such as 
hk0 and h~0 which are identical  for monoclinic 
symmetry .  The overall comparison is good (~-0 7%, 
corresponding to the expected accuracy of measure- 
ment) ;  but  some reflexions of medium intensi ty  show 
differences up to ~ 30% (considerably above the ex- 
pected m a x i m u m  difference arising from experimental  
error --0 10-15%), and some very  strong and some very 
weak reflexions show even bigger differences. Although 
these ob~ervati0ns ~uggest ~t first ~ight that the 
structural  symmet ry  must  be triclinic, fur ther  con- 
sideration indicates tha t  the differences m a y  be 
explicable, while retaining monoclinic symmetry ,  as 
arising from variat ions in absorption and extinction. 
For most of the ref inement  process, therefore, the 
space-group C2/m has been retained:  the effect of a 
change of symmet ry  to triclinic was also examined 
directly at a late stage in the ref inement  (see Sec- 
tion 5, (vi)). 

The above discussion refers to the possibili ty tha t  
the structure is based on a true unit  cell which is very 

accurately monoclinic dimensional ly  but  in which the 
atomic arrangement  departs  s ignif icantly from this 
symmetry .  Alternat ively,  in Laves '  view, the mono- 
clinic cell is only an average derived from intergrowth 
of t ru ly  triclinic microcline units,  and such an inter- 
growth, on a sufficiently fine scale, should be revealed 
by diffuse streaks adjacent  to the Bragg reflexions. 
In  heavi ly  exposed photographs of orthoclase C, i t  is 
possible to detect traces of such streaks;  their  peak 
intensit ies are small, in relation to the weakest of the 
measured reflexions, and it appears tha t  they  m a y  be 
ignored without  inval idat ing our conclusions. I t  must  
be emphasized tha t  we do not assert tha t  other so- 
called 'orthoclases' are necessarily s t ructural ly  iden- 
tical with our Specimen C. The question of intergrowth 
of triclinic individuals  is fur ther  discussed below 
(Section 5, (vi)). 

(ii) Resolution in projections 

In  all three axial  projections along [100], [010] and  
[001] there is a considerable degree of overlapping of 
atoms even in difference syntheses, so tha t  ref inement  
becomes progressively more difficult  and less certain. 
For this reason a fourth projection, along [110], was 
prepared:  in this there is no overlap except for two 
oxygen atoms, one of which is well resolved in two 
of the other projections. Moreover, in this projection 
most of the atoms appear twice, giving two inde- 
pendent  values of the z-coordinate, as well as values 
of the x and y coordinates, for each atom. The need 
for the applicat ion of an absorption correction (Sec- 
t ion 2, above) was indicated by  the appearance of 
certain characteristic features (Jellinek, 1958) in the 
difference syntheses prepared from uncorrected F- 
values. (Section 5, (vi) below.) 

(iii) Absolute scale of F's 
The measured Fo's are on a relative scale. The use 

of the difference synthesis for structure refinement 
requires the Fo's to be placed on an absolute scale for 
comparison with the calculated Fc's. The initial  
scaling of Fo's was from comparison with Fc's cal- 
culated for the structure of Chao et al. (1940), and the 
scaling operation was repeated after each cycle of 
ref inement  using the new set of atomic coordinates 
to obtain Fc's. The curve of log Fo/Fo against  sin 2 0/). 
or ~in 2 0 gives a direct evaluation of the overall 
temperature  factor to be applied to the atomic scatter- 
ing factors; once derived, it was not varied, al though 
considerable adjus tments  of the temperature  factors 
on individual  atom types were required. To avoid 
difficulties arising from extinction, which become 
more obvious as ref inement  proceeds, after the stage 
represented by  R = 12% only reflexions with sin0 > 0.3 
were included in the sequence of operations refinement- 
scMing-temperature factor de terminat ion;  this  ex- 
cludes the strong low-angle reflexions most l ikely to 
be affected by  extinction (ef. Jel l inek,  1958). 
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(iv) Extinction 

As expected, in view of the large size of the crystals 
used (Section 2), effects arising from ext inct ion have 
been observed in all projections;  thus, at  any  stage 
in the refinement,  a graph of No against  Fc shows 
increasing deviat ions from the 45 ° line of Fo=Fc as 
F becomes larger. As ref inement  proceeds, the graph 
becomes smoother and it  is possible to detect the effect 
of ext inct ion in more and more reflexions: to enable 
ref inement  to be continued, (Fo-Fc)  for these re- 
flexions was set equal to zero--i .e,  these reflexions 
were excluded from the fur ther  ref inement  process. 

This procedure enables ref inement  to continue, but  
i t  is nevertheless desirable to obtain a set of Fo's 
corrected for the effect of ext inct ion;  a method 
suggested by  Vand (1955) was therefore a t tempted.  
This depends upon an (approximate) relation 

- log (Fo/F~) ~ = a + b(Fc) ~ + cLp(F~) 2, 

where the constants a, b, c depend upon absorption, 
p r imary  extinction, secondary extinction, respectively. 
If  either pr imary  or secondary ext inct ion is dominant ,  
values for a and either b or c m a y  be derived from the 
near ly  l inear relat ion between - l o g  (Fo/F~) 2 and 
(Fc) e. If  both extinctions are operative, it  m a y  never- 
theless be possible to derive an approximate  value of 
a from one of the graphs, thence b and  c from a graph 
of { - l o g  (Fo/Fc)2-a}/(Fc) 2 against  Lp. 

An a t t empt  to t reat  the measurements  for our 
orthoclase in this way failed. A least-squares procedure 
was therefore tried, using (instead of Vand 's  weighting 
factor proport ional  to F) a weighting factor given by 
the quotient  obtained on dividing the m a x i m u m  
percentage error permit ted  by the in tens i ty  scale used 
in estimation,  by the s tandard  deviat ion of all the 
measurements  of this reflexion. On treat ing two 
projections [010] and [001] in this way, apparen t ly  
reasonable values of the constants b and c were 
obtained, but  negative values of a. On selecting for use 
only those reflexions with F values near or above the 
region where the effect of ext inct ion becomes obvious 
in the graph of Fo against  Fc, new values of b and c, 
but  with near ly  the same ratio b/c, were obtained, 
and  a positive value of a. On applying the two sets of 
values of b and c to low-angle reflexions (which include 
those with large F), and re-scaling, the f inal  (corrected) 
Fo values are almost  identical.  I t  appears tha t  the 
Vand  relat ion takes account of other than  pure extinc- 
t ion effects, by  adjust ing the value of a, bu t  tha t  the 
ratio b/c remains approximate ly  constant  irrespective 
of the  assumptions made as to the weighting factor 
in the least-squares t reatment .  

In  view of the uncer ta in ty  about  the significance 
of this a t t empted  correction for extinction, it was 
f inal ly  decided to use a completely empirical  procedure 
- - t h e  comparison of the smooth curve of Fo against  
Fc with the straight  line which would represent 
Fo=Fc: the corrected Fo values thus obtained were 

almost  identical  with those derived by the complicated 
Vand method. 

These corrected Fo values are given in Table 4, 
but  i t  should be emphasized tha t  they  were not  used 
in the course of the ref inement .  

4. Final parameters :  accuracy 

The final atomic coordinates, referred to the mono- 
clinic uni t  cell with space group C2/m, are set out in 
Table 1; they  should be compared with those of 
sanidine-- i .e ,  the same material ,  orthoclase Spencer C, 
after heat  t r ea tment  result ing in sanidinizat ion (Cole 
et al., 1949), and with those of an in termedia te  micro- 
cline Spencer U (Bailey & Taylor,  1955). The inter- 
atomic distances and angles calculated from these 
atomic coordinates are given in Table 2: comparable  
figures are given for sanidine by  Cole et al. (their 
Tables 4 and  5) and for microcline by Bailey & Taylor  
(their Table 8). 

Table 1. Atomic parameters for orthoclase 
(Spencer C) 

Atom x y z 
OA 1 0 0-1461 0 
OA 2 0-6335 0 0.2840 
OB 0.8276 0.1465 0.2271 
OC 0.0347 0.3104 0.2631 
OD 0.1801 0.1256 0.4051 
Si 1 0.0101 0.1848 0.2237 
Si 2 0.7084 0.1175 0.3437 
K 0.2843 0 0-1361 

The s tandard  deviations of electron densi ty  and 
atomic coordinates have been calculated from relations 
given by Lipson & Cochran (1953) 

a(@)={D2} ½ and a(xn)={(OD/Ox)e}½/Cn. 

For each relation the electron density was evaluated 
over the entire final [ l l0 ]  difference map ;  according 
~o Lipson & Cochran this m a y  lead to a value of the 
s tandard  deviat ion s l ight ly too lar_ge. The central 
curvature was derived from the final [110]Fo synthesis. 
Peak heights of electron density,  and da ta  relat ing to 
s tandard  deviations and significance levels (Cruick- 
shank, 1949) are listed in Table 3. In  considering the 
accuracy achieved, i t  is probably  unwise to rely 
bl indly on a str ict ly ar i thmet ical  assessment;  in the 
present case, some weight must  be given to the out- 
come of a comparison between independent  values for 
a given parameter  obtained in two different axial  
projections and also in the [ l l 0 ]  projection. Detailed 
reproduction of the figures would be unwie ldy  here" 
the general conclusion reached is tha t  the Cruickshank 
procedure provides unduly  cautious est imates of the 
final accuracy of each atomic position in the present 
case. This view receives support  from certain features 
of the structure discussed in the next  Section. Our 
experience tends to suggest tha t  in this s tructure l i t t le 
improvement  would be l ikely even with a three- 
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d imens iona l  synthes is  so long as pho tog raph ic  me thods  
are used for i n t ens i t y  measurements .  

Table  2. Interatomic distances and angles for 
orthoclase 

Interatomic distances (/~_) 

Si 1(OA1) Si~.(OAg) Si I Si~ K 
OA 1-651 1 - 6 3 9  OA-OB 2-639 2.674 OA 1 2.898 
OB 1-650 1.624 OA-OC 2.781 2.588 OA2 2.698 
OC 1.654 1 " 6 3 4  OA-OD 2-645 2.661 OB 3.029 
OD 1.651 1 . 6 3 5  OB-OC 2.710 2.690 OC 3.135 

OB-OD 2"726 2.689 OD 3"l l l  Mean 1 -652  1-633 
OC-OD 2"692 2.690 

Mean 2.699 2.665 

Interatomic angles 

Si 1 Si~ 
OA-Si-OB 106 ° 6' 110 ° 7" Sil-OA1-Si 1 144 ° 12' 
OA-Si-OC 114 ° 38" 104 ° 32" Si~-OA2-Si 2 138 ° 50" 
OA-Si-OD 106 ° 9' 108 ° 43" Si~-OB-Si 2 153 ° 3" 
OB-Si-OC 110 ° 12" 111 ° 20" Sil-OC-Si 2 130 ° 54' 
OB-Si-OD 110 ° 0" 111 ° 9' Sil-OD-Si 2 141o44 , 
OC--Si-OD 108 ° 45" 110 ° 49' 

. . . . . . . . . .  

Mean 109 ° 28' 109 ° 27' 

Table  3. Analysis of accuracy of orthoclase structure 

O Si K Si-O K-O 
Curvatures - Cn (e.A -4) 453 1 5 6 0  1285 
Errors (~(x) (A) 0.013 0.004 0.005 0.014 0-0145 

For Sil-O and Si2-O dl/(1--0.019/(0.014 x 2½)--= 0.96 corre- 
spending to a probability P 17% , figures which may be 
compared with Cruickshank's limit for a 'possibly significant' 
difference at 1.645, P 5% . 

O Si 1 Si~. K 
Peak heights Q0 (e.A-2) 21.4 51.2 54"15 53.6 
Error ~(~o) (e'A-2) 0"64. 

For Si 1 and Si 2 dO.o/a=2.95/(O.64x2½)=3.26 which lies 
within Cruickshank's 'highly significant' range. 

Table  4 conta ins  lists of observed Fo values,  cor- 
rected for ex t inc t ion ,  and  Fc values ca lcula ted  for the  
a tomic  coordinates  of Table  1. The  f inal  R-value ,  
7-2%, does no t  include F(000) nor  ref lexions which 
were unobse rved  (see also, notes  to Table  4). 

5. D i s c u s s i o n  

I n  the  following pa rag raphs  we assess the  signif icance 
of the  fac tua l  i n fo rma t ion  set out  above,  bear ing in 
mind  cer ta in  special  fea tures  observed in Fo and  
Fo--Fc syntheses  a t  var ious  stages in the  r e f inemen t  
of the  s t ruc ture .  For  mos t  of the  discussion we ignore 
the  poss ib i l i ty  t h a t  the  s t ruc tu re  as descr ibed repre- 
sents on ly  an  average  of well-defined t r ic l inic  domains  
of microcl ine type ,  basing our  t r e a t m e n t  on the  
a s sumpt ion  of a monocl in ic  un i t  cell wi th  space group 
C2/m. The  prob lem of the  t rue  s t ruc tu ra l  s y m m e t r y  
of o!;thoclase is considered a t  the  e n d - - p a r a g r a p h  (vi). 

(i) Evidence for Si, A1 ordering 
The  Si -O and  O-O dis tances  l is ted in Tab le  2 

show t h a t  the  t e t r a h e d r o n  a t  site Sil is s l ight ly  larger  
t h a n  t h a t  a t  si te Si2; Smi th ' s  (1954) r e l a t ion  t h e n  
indica tes  a degree of Si, A1 order ing  represen ted  b y  
( 0 " 3 0 A l + 0 . 7 0 S i )  a t  site Sit and  (0 -19A 1+0-81 Si) 
a t  si te Si2. This  depa r tu re  f rom the  r a n d o m  dis t r ibu-  
t ion  of sanidine,  wi th  (0-25 A1+0-75 Si) in all  t e t r a -  
hedra ,  is much  smal ler  t han ,  t h o u g h  in the  same 
d i rec t ion  as, t h a t  proposed  by  Chao et al. (1940) w i th  
(0.5 A l + 0 . 5  Si) a t  Sil and  (1-0 Si) a t  Si2. This  ear l ier  
proposed d i s t r ibu t ion  was the  s imples t  suggest ion to  
conform wi th  the  smal l  d imens ions  t hen  found  for the  
t e t r a h e d r o n  a t  Si2; Cole et al. (1949) po in t ed  to  
q u a n t i t a t i v e  diff icult ies  in accept ing  these  numer ica l  
values.  I t  is sti l l  t rue  t h a t  even if the  t e t r a h e d r o n  
d imens ions  found  in the  presen t  s t u d y  are pe r fec t ly  
accurate ,  the  i n t e r p r e t a t i o n  above  in t e rms  of pa r t i a l  
Si, A1 order ing depends  upon  the  v a l i d i t y  of Smi th ' s  
re la t ion ;  we r emark  t h a t  i ts  use for microcl ine  and  
a lb i te  has  no t  revea led  a n y  in te rna l  inconsis tencies  
and  t h a t  for or thoclase  the  size-difference is so smal l  
t h a t  serious inaccuracies  in the  degree of order ing  
deduced seem improbable .  

The  ve ry  smal l  difference in size be tween  the  two  
types  of t e t r a h e d r a  canno t  be accepted  as real  w i t h o u t  
fu r the r  discussion;  thus  a s t r a igh t fo rward  app l i ca t ion  
of the  Cru ickshank  tes t  (Table 3) shows t h a t  t he  differ- 
ence in size falls below the  va lue  which would be 
'possible s ignif icant ' .  Nevertheless ,  we consider t h a t  
the  following lines of a r g u m e n t  p rov ide  r a the r  s t rong  
evidence in f avour  of accept ing  t h a t  the  difference in 
size t hough  ve ry  small  is real :  

(a) T e t r a h e d r o n  bond  lengths  were f irst  ca lcu la ted  
af te r  the  5th  r e f inemen t  cycle:  thereaf te r ,  the  differ- 
ence be tween the  m e a n  S i t - 0  and  S i2-0  bond lengths  
r ema ined  cons t an t  (at 0.020-0.025 A), the  r e f inemen t  
process mere ly  resul t ing  in a progress ively  closer 
approach  of ind iv idua l  bond  lengths  in each t e t ra -  
hed ron  to the  (unchanged)  mean  va lue  for t h a t  t e t ra -  
hedron.  

(b) The  re f inement  process for or thoclase  began  f rom 
the  s t ruc tu re  proposed  by  Chao et al. (1940): t he  
s t ruc tu re  as f ina l ly  de t e rmined  copies f a i th fu l ly  all  
the  de ta i led  features  of the  sanidine s t ruc tu re  e.g. 
va r i a t ions  in l eng th  as be tween  the  four  bonds  f rom 
centre to corners of a tetrahedr0n, wri~tions in the 
magni tudes  of S i -O-S i  bond  angles--except that in 
or thoclase  eve ry  bond  (Si-O or 0 - 0 )  in the  Sit 
t e t r a h e d r o n  is s l ight ly  larger,  every  bond  in t he  Si2 
t e t r a h e d r o n  s l ight ly  smaller ,* t h a n  in sanidine  (el. 
Table  2 wi th  Tables  4, 5 of Cole et al., 1949). This  is 
as expec ted  for the  Si, A1 order ing proposed.  The  ve ry  
close s imi la r i ty  of the  two s t ruc tures  was d e m o n s t r a t e d  
in general  t e rms  by  Cole et al., 1949; the  p resen t  work  

. .  

* The bond OB-OC excepted--this is larger by 0.004/~, 
a quantity much smaller than the probable error. 
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T a b l e  4 .  Observed and calculated F-values for orthoclase 
1. T h e  Fo v a l u e s  a r e  c o r r e c t e d  fo r  e x t i n c t i o n  as  d e s c r i b e d  in  S e c t i o n  (3) (iv) of t h e  t e x t .  
2. T h e  lX c v a l u e s  a r e  c a l c u l a t e d  fo r  t h e  a t o m i c  p a r a m e t e r s  of T a b l e  1, u s i n g  t h e  a t o r n i c f - c u r v e s  of T o m i i e  

& S t a m  (1958) m o d i f i e d  b y  a p p l i c a t i o n  of a t e m p e r a t u r e  f a c t o r  as  d e s c r i b e d  in t h e  t e x t .  
3. R e f l e x i o n s  n o t  o b s e r v e d  o w i n g  to  low i n t e n s i t y  a r e  m a r k e d - - i n  t h e  Fo c o l u m n .  
4. R e t i e × i o n s  n o t  o b s e r v e d  o w i n g  to  m e c h a n i c a l  o b s t r u c t i o n ,  e tc .  a r e  m a r k e d  ( - - ) .  
5. R e f l e x i o n s  c o r r e c t e d  for  e x t i n c t i o n  a r e  m a r k e d  * 
6. T h e  R - v a l u e  7-2% does  n o t  i n c l u d e  F ( 0 0 0 )  n o r  r e f l e x i o n s  w h i c h  we re  n o t  o b s e r v e d  for  a n y  

h k l Fc Fo 
0 0 0 550 - -  

_ _  

2 27 32 
4 116 113" 
6 164 166" 
8 63 64* 

10 76 76* 
_ _  

12 20 21 
_ _  

14 27 27 
16 79 83* 
18 4 14 
20 8 11 
22 l 0  12 
24 8 - -  
26 19 19 

- - _  

0 0 1 16 25 
2 14 14 
4 83 82* 
6 58 54* 
8 35 37 
9 8 9 

10 47 43 
14 22 23 

_ _  

16 13 15 
18 11 12 
20 16 16 
22 12 12 
24 9 8 
26 4 - -  

0 0 2  
2 
4 
6 
8 

10 
12 
14 
16 
18 
20 
22 
24 
26 

0 0 3  
2 
4 
6 
8 

]0  
12 
14 
16 
18 
2O 
22 
24 
26 

0 0 4  
2 
4 

189 
57 

5 
9O 
46 
- - _  

54 

33 
43 

7 
2 

_ _  

13 
13 
11 

3O 

92 
52 
60 

5O 
- - _  

14 
6 

17 
_ _  

10 
2O 

9 
8 

24 
88 

7 

186" 
54* 

90* 
46 
54* 
I0  
34 
38 

5 
13 

9 
12 

27 
5 

90* 
52 
62* 

9 
47 
16 

7 
17 
12 
18 
10 

9 

26 
85* 
l 0  

h k l 2'c 1~'o 
0 6 4 57 56 

8 102 104" 
10 14 14 
12 26 27 
14 § 12 
16 2 - -  
18 32 28 
20 I0 9 
22 20 18 
24 21 20 
26 1 - -  

0 0 5 44 44 
2 48 46 
4 47 46 
6 24 24 
8 26 26 

lO 15 15 
12 7 11 
14 11 12 
16 7 12 
18 16 17 
20 6 6 
22 9 8 
24 9 8 
26 0 - -  

0 0 6  5 9 
2 37 36 
4 19 17 
6 32 30 
8 55 51 

I0 2 - -  
12 15 16 
14 2 - -  

18 21 19 
2 0  ~ - -  

2 2  16 17 
24 9 7 
26 4 - -  

0 0 7 38 36 
2 38 36 
4 50 44 
6 2 - -  
8 18 22 

10 6 9 
12 20 20 
14 33 31 
16 13 13 
18 1 - -  
20 11 13 
22 2 - -  
24 7 - -  

0 0 8 34 36 
2 2 - -  
4 3 - -  
6 23 22 
8 0 - -  

10 8 8 
12 5 6 

h k 1 Fc Fo 
0 14 8 2 - -  

16 8 l 0  
1 8  ~ - -  

20 3 - -  
22 4 - -  
24 4 - -  

0 0 9 46 43 
2 16 16 
4 28 23 
6 15 15 
8 ~ - -  

10 7 8 
12 6 6 
14 14 15 
16 12 12 
18 0 - -  
20 4 - -  

_ _  

0 0 10 17 17 

4 8 5 
6 2 - -  
8 10 8 

10 12 12 
12 6 - -  
14 8 8 
16 7 6 
1 8  ~ 5 

20 2 - -  

_ _  

0 0 11 19 20 
2 5 - -  
4 0 - -  
6 14 14 
8 6 9 

10 4 - -  

1 4  3 - -  
16 8 9 
18 4 - -  

0 0 12 5 8 

_ _  

4 15 13 

8 9 9 

12 10 lO 
14 2 - -  

0 0 1 3  0 - -  
2 6 6 
4 6 6 
6 10 10 
8 12 13 

l O  ~ - -  

1 2  8 - -  

0 0 14 l l  13 
2 T - -  
4 2 - -  
6 6 - -  

h 

2 
4 
6 
8 

l 0  
12 
14 
16 

16 
14 
12 
10 

0 
2 
4 
6 
8 

10 
12 
14 
16 

_ _  

16 
_ _  

14 
12 
l 0  

0 
2 
4 
6 
8 

10 
12 
14 
16 

16 
_ _  

14 
12 
10 

0 
2 
4 
6 
8 

l 0  
12 
14 
16 

r e a s o n .  

k l 

0 0 

0 1 

0 2 

0 3 

Fc Fo 
36 38 

129 130" 
98 99* 

2 - -  
55 54 
l 0  15 
19 19 

17 17 
5 - -  

32 26 
34 31 
48 46 
56 54* 
68 64* 

124 I l l *  
16 25 
10 19 

6 6 
50 49 
13 l l  
33 30 

- -  

3 - -  
13 - -  

2 - -  
7 - -  

37 36 
35 35 

] 4 9  148" 
77 74* 

162 155" 
189 186" 

55 54* 
]52  151" 

18 23 
55 59 

5 - -  
- -  

]3 12 
4 

15 10 

30 25 
40 38 
44 37 
27 28 
97 102" 

l l  
30 27 
42 42 
50 49 

6 - -  

- -  

3 6  36 
12 - -  

9 - -  
5 - -  



448  T H E  S T R U C T U R E  O F  O R T H O C L A S E  

h k l Fc .Fo 
16 0 4 14 8 

- -  _ _  

14 25 26 
12 25 29 
1---6 ~ - -  

23 20 
98 100" 
~3 25 

201 210"  
0 25 26 
2 100 100" 
4 47 46 
6 21 21 
8 53 53 

10 I2  - -  
12 26 23 
14 2 - -  

16 0 5 13 -- 

14 14 15 
12 46 40 
10 47 46 

57 54 
65 65* 
98 101" 
35 34 

0 45 44 
2 46 44 
4 19 17 
6 40 37 
8 10 12 

lO $ - -  
12 12 - -  
14 7 -- 

1 6 0 6  6 
14 34 34 
12 22 29 
10 52 52 

4--2 39 
6 

TI I--0 lO 

5-~ 58* 
0 6 9 
2 58 60* 
4 19 24 
6 47 49 
8 3 - -  

lO ~ - -  

12 15 15 

16 0 7 0 -- 

14 21 20 
- -  _ _  

12 24 23 
. . . .  

10 35 34 
4--3 41 

~7 31 
7--]- 71" 

0 38 36 
2 l l  13 
4 ~ 8 

- - _  

6 20 17 
8 12 10 

_ _  

10 12 15 
12 2 - -  

16 0 8 29 28 
14 0 
I'-2 3 -- 

10 31 31 

T a b l e  4 (cont.) 
h k 1 F c Fo 

0 8 42 39 
g 3-]- 31 

40 40 
7 - -  

0 34 36 
2 8 10 
4 8 - -  
6 28 28 

_ _  

8 11 - -  
10 15 15 

16 0 9 9 -- 
_ _  

14 21 20 
_ _  

12 11 14 
10 54 51 

12 15 
6 44 45 

56 59 

0 46 43 
2 5 - -  
4 20 21 
6 9 - -  
8 5 - -  

10 8 -- 

16 0 lO 
_ _  

14 
_ _  

12 
_ _  

10 

0 
2 
4 

16 0 1 1  
14 

_ _  

12 
_ _  

10 

0 
2 
4 

16 0 12 
_ _  

14 
12 
10 

0 
2 
4 
6 

16 0 13 
- - _  

14 
_ _  

12 
10 

7~ 

h k 1 Fc Fo 
0 13 21 24 

0 0 -- 

2 9 - -  
4 6 -- 

16 0 14 4 - -  
_ _  

14 19 19 
12 1 - -  

_ _  

10 15 - -  
13 16 

21 23 

0 11 13 
2 7 - -  

2 0 0 37 38 
4 129 130" 
6 96 99* 
8 1 - -  

10 54 54 
12 11 15 
14 19 19 
16 3 - -  

28 
5 

4O 

14 
22 
12 
17 
16 
18 
l0  

l l  
4 

17 
24 
13 
46 

0 
l0 
19 

3 
14 

g 
11 
19 

9 
28 

l l  
11 

6 
13 

9 

5 

24 

10 
24 

25 

33 

15 
22 
11 
20 
17 
14 

18 
22 

44 

15 
20 

17 

22 

29 

8 
12 

23 

25 

l 1 0 16 29 
3 60 60* 
5 16 16 
7 73 78* 
9 31 30 

11 35 33 
13 6 - -  

17 12 l l  

0 2 0 27 32 
2 147 129" 
4 45 44 
6 49 47 
8 20 21 

10 4 -- 
_ _  

12 20 19 
14 6 8 
16 3 -- 

1 3 0 112 104" 
3 21 25 
5 70 72* 
7 57 55 
9 23 23 

_ _  

11 25 25 
13 19 17 
15 4 - -  
17 11 11 

0 4 0 116 1 1 3 '  
2 41 42 
4 22 25 
6 45 40 
8 32 30 

_ _  

I0  24 23 
12 ~ - -  

14 0 - -  

16 ~ - -  

1 5 o  ~ 5 
3 53 51 
5 47 44 
7 13 13 
9 35 33 

h k 1 Fc Fo 
11 5 0 19 21 
13 8 8 
15 13 13 
17 2 -- 

0 6 0 163 166 
2 47 45 
4 55 55 
6 49 50 
8 28 26 

10 13 13 
12 7 - -  
14 6 - -  
16 1 - -  

1 7 0 11 13 
3 11 13 
5 17 16 
7 29 29 
9 39 37 

11 18 16 
13 ~ 3 
15 9 9 
17 6 - -  

0 8 0 63 64 
2 173 179" 
4 32 31 
6 24 26 
8 49 49 

10 12 13 
_ _  

12 26 25 
14 8 10 
16 6 4 

1 9 0 54 54 
3 26 25 
5 73 77* 
7 23 26 
9 44 45 

l l  6 - -  
13 6 8 
15 l l  10 
17 5 - -  

0 10 0 75 76* 
2 2 
4 47 45 
6 3 3 
8 10 11 

10 17 18 
12 17 14 
14 12 11 
16 4 - -  

111 0 8 7 
3 58 56 
5 12 13 
7 22 21 
9 21 19 

11 13 18 
13 8 S 
15 7 S 
17 0 - -  

0 12 0 21 21 
2 31 33  

6 ~ 2 
8 23 23 
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h k l Fc Fo 
10 12 10 
12 6 4 
14 1 - -  
16 1 - -  

1 13 0 12 11 
3 33 28 
5 6 4 

_ _  

7 33 34 
9 § 7 

11 8 10 
13 10 13 
15 Y -- 

17 ~ -- 

0 1 4  0 
2 
4 
6 
8 

10 
12 
14 

1 1 5  0 
3 
5 
7 
9 

11 
13 
15 
17 

0 1 6  0 
2 
4 
6 
8 

l0  
12 
14 
16 

1 1 7  0 
3 
5 
7 
9 

11 
13 
15 
17 

0 1 8  0 
2 
4 
6 
8 

10 
12 
14 
16 

1 1 9  0 
3 
5 
7 
9 

] l  

26 
3O 
37 
13 

g 

14 
2 

5 
1 

10 

12 
1 
0 
3 

78 
2 

4O 
21 

4 
19 

8 
$ 

i 
4O 
18 
27 

10 
3 

5 

5 
39 

15 

5 
13 

6 
g 

22 

22 
g 

14 
g 

27 
30 
34 
15 

7 
13 

6 

13 
7 

13 

83 

37 
22 

3 
17 

8 
8 

36 
19 
28 
11 
l I  

14 
39 

14 
9 

12 

21 

20 
8 

13 
4 

h k 1 

13 19 0 
15 
17 

0 2 0  0 
2 
4 
6 
8 

10 
12 
14 

1 2 1  0 
3 
5 
7 
9 

11 
13 
15 
17 

0 2 2  0 
2 
4 
6 
8 

10 
12 
14 
16 

1 2 3  0 
3 
5 
7 
9 

11 
13 

0 2 4  0 
2 
4 
6 
8 

10 
12 
14 
16 

1 2 5  0 
3 
5 
7 
9 

11 
13 
15 

0 2 6  0 
2 
4 
6 
8 

10 
12 
14 

1 2 7  0 

T a b l e  4 (cont.) 
-}~'c Fo 

8 

- -  

11 
4 - -  

7 

-- 

4 -- 
8 

2 - -  

-- 

13 10 
1 - -  

22 21 
i - -  

12 13 
7 4 
4 - -  
5 - -  

- 

12 
24 

4 
12 
13 

24 
10 

8 
8 

12 

15 

10 

19 

5 

9 
24 

7 
11 
12 

i 
8 ]- 

3 

0 
1 
3 

$ 

0 

22 
10 

_ _  

10 

i 

1 

_ _  

12 
1 

16 
2 

_ _  

10 
0 

19 
¥ 

8 
4 
$ 

6 

4 

h k l Fc 2'o 
3 27 0 11 12 
5 3 - -  
7 10 8 
9 2 - -  

11 5 - -  
13 4 - -  

0 2 8  0 3 - -  
2 5 - -  
4 2 - -  
6 3 - -  
8 4 - -  

10 1 - -  
12 2 - -  

1 2 9  0 ~ - -  
3 4 - -  
5 2 - -  
7 7 9 
9 0 - -  

11 ~ - -  

_ _  

0 30 0 13 12 

4 9 lO 

8 0 -- 

lO g - -  

h h 1 Fc .Fo 
I 1 0 16 27 
2 2 148 134" 
3 3 22 25 
4 4 22 25 
5 5 48 44 
6 6 52 50 
7 7 30 29 
8 8 53 49 
9 9 48 45 

10 10 19 18 
11 11 15 18 
12 12 7 4 
13 13 12 13 
14 14 g -- 

1--4 14 1 2 - -  
I--3 13 23 20 
1---2 12 g 10 
i]- 11 22 20 
10 10 5 -- 

§ 9 3 - -  
8 26 28 
7 2 -- 

6 N io 

5 3 - -  
4 78 73* 
3 7-5 74* 
2 4-3 44 

i 1 21 ( - - )  

0 0 1 16 25 
1 1 54 52 
2 2 36 36 ' 
3 3 38 36 , 
4 4 34 34 
5 5 5-4 51 I 
6 6 21 22 , 
7 7 16 16 
8 8 46 41 i 

h h 1 2'c F o  

9 9 1  4 - -  
I0 10 g - -  
Ii 11 7 - -  

12 12 ~ 1o 

13 13 21 16 
14 14 11 15 

14 14 2 2 - -  
1-'3 13 18 18 
1-2 12 2 - -  
1-1 I I  i--6 18 
I-~ 10 3-~ 31 

8 70 72 
7 5 - -  

- - _  

g 6 51 50 
5 6-]- 64 
4 50 53 
3 35 40 
2 46 48 

]- 1 lOl ( - - )  
0 0 191 186" 
1 1 58 50 
2 2 93 94* 
3 3 12 12 
4 4 53 ( - - )  
5 5 50 46 
6 6 34 31 
7 7 18 18 
8 8 0 - -  
9 9 31 30 

10 10 0 - -  
_ _  

11 11 21 17 
12 12 12 11 
13 13 7 - -  
14 14 12 - -  

1414 3 6 - -  

1~ 13 3 - -  
] 2  12 15 15 
1--] 11 14 14 
1--0 10 19 18 

9 0 - -  
8 39 43 
7 21 24 
6 37 37 
5 61 ( - - )  
4 4 6 
3 44 46 
2 23 26 

] 1 55 53 
0 0 30 27 
1 1 80 72* 
2 2 42 43 
3 3 10 - -  
4 4 I0--2 102" 
5 5 22 22 
6 6 15 18 
7 7 5 - -  
8 8 21 19 
9 9 12 13 

10 10 3 - -  
i I  I i  9 - -  
12 12 13 14 
13 13 1 - -  
14 14 ~ - -  

14 14 4 
13 13 
12 12 

4 

i - -  
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h h l Fc Fo 
11 I 1  4 3 -- 

1--6 10 2 - -  
9 41 42 

g 8 1-7 17 
7 3-1 34 
6 40  41 
5 21 ( - - )  

¥ 4 4 - -  

3 3-3 33 
2 ~ - -  

1 2-~ 30 
0 0 24  26 
1 1 79 79 
2 2 28  ( - - )  

3 3 16 16 
_ _  

4 4 27 23 
5 5 23 23 
6 6 45 34 

_ _  

7 7 24 21 
8 8 12 I 4  
9 9 3 - -  

- -  

I0 I0 12 9 
I I  I I  12 -- 

12 12 ~ - -  
13 13 ~ -- 

14 14 g - -  

14 14 5 16 15 
13 13 l l  11 

11 II 10 13 

10 10 13 13 
9 2-5 26  
8 3-7 39 
7 g -- 

g 6 77 83 
g 5 ~ - -  

4 7-1 ( - - )  
3 8 - -  
2 i - -  

I -  1 51 (--) 
0 0 45 44 
1 1 38 35 
2 2 16 16 
3 3 61 57 
4 4 52 48 
5 5 27 25 
6 6 3 - -  
7 7 3 - -  

- -  

8 8 16 14 
9 9 11 10 

lOlO i - -  

11 11 1 - -  

1 2  12 I -- 
- -  

13 13 5 - -  

14 14 3 - -  

i7i14 6 g - -  
1--3 13 g -- 

12 12 8 11 

I-iII 1 -- 
- -  

10 10 13 12 
9 9 14 
8 2--6 27 
7 19 22 

g 6  2 - -  
5 5 21 22 

4 2--6 26  
g 3 2-X 28 

T a b l e  4 (cont.) 
h h l F c F o 

2 6 16 15 
1 4--6 42 

0 0 g 9 
1 1 10 I 0  
2 2 8 - -  
3 3 20 19 
4 4 17 16 
5 5 7 - -  
6 6 26 25 
7 7 26 21 
8 8 24  23 
9 9 9 10 

10 10 0 - -  
11 11 10 - -  
12 12 7 -- 

13 13 12 - -  
14 14 3 - -  

14 14 7 22 24 
13 13 7 -- 

1-212 9 l S  
1---1 11 4 -- 
- -  _ _  

10 10 13 17 
9 21 25 

g 8 29 35 
ff 7 5 - -  

6 a-~ 40 
5 73 72 
4 29 32 
3 52 ( - - )  
2 10 13 
~ ¥5  40 

0 0 38 36 
1 1 8 10 
2 2 $ - -  

3 3 52 49 
4 4 4 - -  
5 5 48 42 
6 6 10 - -  
7 7 6 - -  
8 S 23 17 
9 9 3 - -  

10 10 12 - -  
l l  I I  g -- 

- -  

12 12 11 14 

13 13 5 - -  
14 14 6 - -  

14 14 8 6 - -  
13 13 12 13 
1-2 12 7 - -  

1---010 4 -- 

§ 9 25  24 

g 8 33 35 
7 34 37 

g 6 1 - -  
5 1-8 14 
4 0 - -  
3 22 17 
2 26  23 

] 1 42 40 
0 0 37 36 
1 1 33 32 
2 2 18 17 
3 3 11 10 
4 4 7 - -  
5 5 I - -  
6 6 9 - -  

h h 1 Fc Fo 
7 7 8  7 - -  
8 8 23 19 
9 9 4 - -  

i0 I0 0 -- 

11 11 9 - -  
12 12 3 -- 

_ _  

13 13 13 6 

I--4 14 9 9 13 
13 13 16 19 

_ _  

12 12 16 17 
11 11 12 12 

_ _  

10 10 10 14 
9 1"-]" 13 

g 8 32  40 
7 5 l o  
6 11 20  
5 45 46 
4 6 -- 

g 3 58  53 
2 27  24 

i I 10 -- 

0 0 50 43 
1 1 17 17 
2 2 10 12 

_ _  

3 3 23 21 
4 4 16 16 
5 5 28 24 
6 6 18 14 
7 7 11 10 
8 8 ~ - -  

9 9 13 l l  
10 10 8 - -  
11 11 1 - -  
12 12 5 -- 

1--4 14 10 g - -  
1---3 13 9 - -  

~-~ 12 ~ - -  

I I  l l  8 - -  
lO i0 ]2 14 

9 9 - -  
g 8 o - -  

7 ~g  22 
g 6 T - -  

5 3 - -  
4 14 14 
3 1-4 12 
2 4 - -  

I 12 13 
0 0 19 17 
1 1 8 - -  

2 2 10 13 
3 3 13 13 
4 4 4 -- 

5 5 16 14 
6 6 3 - -  
7 7 I - -  
8 8 7 -- 

9 9 5 -- 

I0 10 2 -- 

11 l l  7 -- 

1--4 14 11 i - -  
13 13 10 13 
12 12 4 - -  
1-T l l  g -- 

- -  - - _  

10 10 13 14 
9 2 - -  

h h l Fc Yo 
8 11 32 36 
7 $ - -  

g 6 ~ - -  
g 5 i - -  

4 2-~ 25 
3 9 13 
2 17 16 

i 1 3 - -  
0 0 23 2O 
1 1 22 20 
2 2 9 8 
3 3 1 - -  
4 4 2 - -  
5 5 ~ --- 
6 6 8 - -  
7 7 0 - - -  
8 8 4 - -  
9 9 9 - -  

10 10 ,1 - -  

14 14 12 3 - - 
13 13 4 - -  
12 12 5 - -  
l l  11 13 13 
10 10 3 - -  

9 10 - -  
g 8 ~ - -  

? 7 7 .~ 
g 6 3 - -  

5 ~ - -  
4 2 - -  
3 1 - -  

2 8 - -  
i 1 1-4 13 
0 0 6 8 
1 1 10 9 
2 2 1 - - -  
3 3 ~ - -  
4 4 10 - -  
5 5 5 - - -  
6 6 0 - -  
7 7 2 - - -  
8 8 2 - -  
9 9 g - -  

14 14 13 3 - -  
13 13 2 - -  
1--2 12 g - -  
] - i l l  i - -  
10 10 3 - -  

9 7 - -  
s ~ - -  

g 6 14 13 

5 ~ l o  
4 4 9 - -  

T 1 7 - -  

0 0 0 - -  
1 1 10 7 
2 2 g - -  

3 3 ~ - -  
4 4 0 - -  
5 5 2 - -  
6 6 5 - -  
7 7 :5 - -  
8 8 .~ - -  
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h h 1 Fc Fo 

13 1 3  0 - -  
12  12 1 - -  
11 11 5 - -  
10 10 4 - -  

_ _  

9 12 14 

h h 1 Fc 
814 
7 0 
6 lO 
5 7 
4 16 
3 

Table 4 (cont.) 

Fo h h l  
- -  2 214 
- -  T 1 

13  0 0 
11 l 1 
17 2 2 

confirms this, but  the details of the ref inement process 
(as in (a) above) do not support  any  suggestion t ha t  
still fur ther  ref inement would result  in the  dis- 
appearance  of the size-differences which we believe 
we have  established. 

(c) Indirect  evidence of some Si, A1 ordering in 
orthoclase is provided by the cell dimensions. Cole 
et al. (1949) directed a t ten t ion  to this fact  in discussing 
the relationship between orthoclase and sanidine, and 
comparison of these with microcline shows differences 
as expected for the degrees of ordering established for 
microcline and now proposed for orthoclase. 

(d) Studies of optical properties by Bailey (1954) 
and  Hewle t t  (1959) are interpreted if, for potassium 
felspars, the refract ive index most  nearly parallel to 
the b-axis is very  sensitive to the degree of Si, A1 
ordering. The relat ively large change observed in this 
index on convert ing orthoclase C to sanidine would 
thus  indicate t h a t  disordering has occurred in the 
process (see Spencer (1937) or Cole et al. (1949), 
Table 1). 

On these grounds it will be assumed, in the discus- 
sion which follows, t ha t  the small degree of Si, A1 
ordering deduced from te t rahedron  size-differences is 
established. 

(ii) Electron densities in tetrahedra 

The resolution of peaks in our two-dimensional  
projections of orthoclase is insufficient to just i fy an 
a t t e m p t  to count the  to ta l  number  of electrons as- 
sociated with each peak.  Table 3 shows, however,  t ha t  
there is a significant difference in peak height between 
Sil and Sis in the final [ l l0 ]Fo  synthesis,  and if elec- 
t ron-content  goes in parallel  with peak height the  
difference is in the r ight  direction to correspond* to 
a higher proport ion of A1 in Sil. The most  interesting 
feature  is, however,  the magnitude of the  difference: 
it is much larger t han  would correspond to the  small 
degree of ordering as determined above from the 
sizes of the  te t rahedra .  

To examine this point  fur ther ,  [ l l0 ]Fo  syntheses 
were prepared  for sanidine (using the da t a  of Cole et al., 
1949) and  microcline (using the da t a  of Bailey, 1954), 
for direct comparison with the  same projection for 
orthoclase. For  sanidine the  ave rage t  peak height for 
Six is identical with t h a t  for Sis, as expected for a 

* Assuming neutral atoms Si(14), AI(13) or at least only 
partially-ionized atoms. 

Each type of peak occurs twice in this projection. 

Fc Fo h h l Fc Fo 
- -  3 314 8 - -  

4 - -  4 4 7 - -  
14 13 5 5 6 - -  
i - -  6 6 2 - -  

- -  : 7 7 4 - -  

completely r andom Si, A1 distribution.  For  microcline 
the peak heights for Si~(O) and Sis(m) are identical,  
as expected for near ly  identical Al-contents 0.07 and 
0-08 (Bailey & Taylor,  1955): the peak heights for 
Sil(O) and Sil(m) are smaller, which is again as ex- 
pected for the larger Al-contents in these sites; but 
there is no significant difference in peak height  be- 
tween Sil(O) with 0.25 A1 and Sil(m) with 0.56 A1. 

Table 5. Peak heights and peak widths in  microcline 

Atom Siz(O) Sil(m) Si2(O) Si2(m) 

Peak height (e./~ -3) 27.1 26.3 28.4 (28.1) 
Peak width 

(arbitrary units) 12-7 12.5 10-3 (11-6) 
A1 content 0.25 0.56 0.07 0.08 

Figures supplied by Dr S. W. Bailey. 
Peak width, in arbitrary units, measured at a given height 

in a section parallel to (001). 
Numerical values for Si2(m), enclosed in brackets, are less 

accurately comparable than the others in the table. 
Notation for atoms is that of Bailey & Taylor (1955). 

A scrut iny of the  three-dimensional measurements  
for microcline, k indly carried out for us by Dr Bailey, 
led to the  results summarized in Table 5. Peak  height 
now varies approx imate ly  linearly with Al-content,  
but  there is a significant difference in peak width 
between the  two Al-rich peaks on the  one hand,  and 
the two Al-poor on the  other. The only ten ta t ive  
in terpre ta t ion of this three-dimensional  s tudy  which 
we can suggest is t h a t  the  ra ther  small reduction in 
total  electron-content  of the 'average '  a tom at  a 
te t rahedron  centre, as Al-content  rises to about  0.25, 
is shown as a considerable reduction in peak height 
par t ly  compensated by increased peak width.  This 
in terpre ta t ion  assumes t ha t  the  two-dimensional  s tudy  
reveals only the major  difference in peak heights as 
between Si2(O), Si2(m) and Sil(O), Sil(m), and t h a t  
even the  three-dimensional  s tudy  reveals only the  
major  difference in peak  widths as between these two 
groups of a toms bu t  not  the difference in width 
between Sil(O) and Sil(m) which would be expected 
in view of the  observed-difference in height. 

A careful s tudy  of the two-dimensional  projections 
for microcline and orthoclase gave no indication of 
differences in widths of the  peaks. No three-dimen- 
sional da t a  are available for orthoclase. Direct  com- 
parison of peak-widths  with those of sanidine (for 
which three-dimensional  da t a  are available) would be 
impossible because there is no correlation of the  
overall t empera tu re  factors. 
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The position reached is, therefore, tha t  in both 
orthoclase and microcline there is a larger difference 
in peak heights as between atoms Sil and atoms Si~ 
than  would correspond to the Al-content as deduced 
from dimensional  differences between the te t rahedra;  
tha t  no difference in peak heights is observed in 
sanidine;  and tha t  in microcline there is some evidence 
that  this difference is associated with a compensating 
difference in peak width.  No simple explanat ion can 
be suggested. (See also Section 5, (vi)). 

(iii) The potassium atom 

In  the structure analyses of sanidine and microcline 
the atomic f-curves of Bragg & West  (1928) were 
found to be sat isfactory for Si (with A1) and 0,  bu t  
Bailey & Taylor  (1955) pointed out tha t  both in their  
own work on microcline and in the s tudy  of sanidine 
by  Cole et al. (1949) the K atom was better  represented 
by the atomic f-curves of James  & Brindley (1931) 
when su i tab ly  modified by  the application of tem- 
perature factors B = 1.0 A ~' for microcline and B = 1.9 A 2 
for sanidine. Even  the smaller  value of B is larger than  
tha t  which is effectively incorporated into the em- 
pirical curves of Bragg & West. No evidence of 
anisotropic thermal  vibrat ion was observed in Fo 
syntheses in either case. 

Table 6. Temperature factors for potassium felspars 
(i) Orthoclase 

O isotropic B ----- 1.2 A 2 
Si(A1) isotropic B ~-- 0.6/~2 
K anisotropic Bx = 1.0/~2 with orientation X=a* 

By = 1.8 A 2 Y=b 
Bz = 1.5 A 2 Z =c 

All the above are applied to the f-curves of Tomiie & Stam 
(1958). 

(ii) Comparison with microeline and sanidine 

Microcline Orthoclase Sanidine 
Bx 0-7 /~2 1-0 A ~ 1-3 A 2 
By 1-2 1.8 2.3 
Bz 1-0 1.5 1.9 

Computed for microcline and sanidine by assuming the 
ratios Bx:By:Bz to be the same as for orthoclase. The 
orthoclase values are computed to correspond to zero absorp- 
tion: a similar correction for absorption in the real crystal 
would slightly reduce the values for microcline and sanidine. 

In  our analysis of orthoclase we have used the atomic 
f-curves of Tomiie & Stare (1958) modified by the 
application of the temperature  factors for 0 and Si(A1) 
shown in Table 6, and by an isotropic temperature  
factor B =  1.4 A 2 for K. In  this case, however, dif- 
ference syntheses show a marked  anisotropy in the 
K peak, corresponding to the values Bx, Br, Bz with 
the orientations listed in Table 6. Since Fo syntheses 
do not reveal the anisotropy of this peak in orthoclase, 
difference syntheses for various projections of sanidine 
and microcline were studied in order to check the 

apparent  isotropy of the K-peak  as seen in Fo syn- 
theses of these structures. For san]dine the Fo values 
of Cole et al. (1949) were used, with Fc values obtained 
by  applying to the atomic f-curves of Tomiie & Stare 
the isotropic temperature  factors for 0 and Si(A1) 
shown in Table 6 (as for orthoclase) and for K an 
isotropic tempera ture  factor equal  to the average 
orthoclase value for the projection concerned. For 
microcline Bailey 's  (1954) (hk0-6)* -Fo-Fc synthesis 
was used, together with the (0k/-2)* Fo-Fc  synthesis 
k ind ly  prepared for us by  Dr Bailey, who has also 
calculated tha t  at  a part icular  electron densi ty  value 
the diameter  of the three-dimensional  K-peak is about  
10% greater along y than  along x. (It m a y  be noted 
tha t  the f-curve of Tomiie & Stam for K + is very  
similar to tha t  of James  & Brindley used in the 
s tudy of microcline, so tha t  no serious inconsistency 
is involved in our comparison of the orthoclase projec- 
tions and new sanidine projections with the microcline 
projections in the neighborhood of the K-pealc). A study 
of these syntheses suggests tha t  the K peak shows 
similar  slight anisotropy in all thi'ee structures. We 
have not a t t empted  a direct quant i ta t ive  est imate of 
its magni tude  for sanidine and microcline but  if the 
ratio Bx:By :Bz  is assumed to be the same for micro- 
cline and sanidine as for orthoclase, then  the average 
(isotropic) temperature  factors for the K a tom of 
1.0 A 2 and 1-9 A 2 proposed by Barley & Taylor (1955) 
lead to the numerical  values listed in the lower par t  of 
Table 6. 

For low and high albites Ferguson et al. (1958) have  
suggested tha t  the apparent  anisotropic thermal  vibra- 
t ion which results in an effectively elongated Na atom 
m a y  represent a random dis t r ibut ion of the :Na atoms 
between two sites. The corresponding interpreta t ion 
of the sl ightly disc-like K atom in the potassium 
felspars m a y  represent a dis t r ibut ion of K-a tom 
positions varying  with the Si, A1 ordering in its im- 
mediate  neighbourhood, which must vary  from cell 
to cell when the fiction of the 'average a tom'  (Si.Al~_~) 
is replaced by  the true model. This point  is ment ioned 
again below (v). 

(iv) Configuration of the tetrahedral groups 
I t  is usual ly  assumed impl ic i t ly  tha t  the te t rahedral  

SiO4 or Ale4 group is perfectly regular and tha t  the 
departures from regular i ty  shown in the measurements  
0f (e.g.) oxygen-oxygen te t rahedron edges in an actual  
structure are due to exper imental  errors or incomplete 
refinement.  Consideration of the forces operative in 
the structure suggests, however, tha t  perfect regulari ty 
is not necessarily to be expected, the close approxima-  
t ion to regulari ty and fixed size being no more than  
a consequence of the strength of the bonds within 
the te t rahedron in relation to forces external  to it. 

Direct evidence in support  of this more sophisticated 

* The numbers 6 and 2 indicate the 6th (hkO) and 2nd {Ok/) 
syntheses described by Bailey (1954). 
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interpretation is accumulating as accurate analyses of 
felspar structures become available. Thus on compar- 
ing the 0 - 0  distances for orthoclase in Table 2 with 
those for sanidine (Cole et al., 1949--their Table 4) 
and for microcline (Bailey & Tailor, 1955--their 
Table 8) certain features corresponding to departures 
from perfectly regular tetrahedraI groupings are seen 
to be common not only to orthoclase and sanidine 
(as would be expected, in view of their close similarity 
in all respects, already discussed in (5)(i)(b) above) 
but also to microcline. For example, OA-OC is longer 
than the mean for tetrahedra around Sil  (or  around 
Sil(O) and Sil(m) in triclinic microcline), but shorter 
than the mean for l~e~rahech'a around Sis (or Si~(O) 
and Sic(m)). This difference is also found in celsian 
BaAbSi20s (Newnham & Megaw, 1960) although in 
this material the Si, A1 ordering scheme is totally 
different. The difference must therefore be due to the 
general balance of forces as between Si(A1) and O, on 
the one hand, and K (or Ba) on the other. 

Similar features can be seen in the low albite and 
high albite structures, but in view of the somewhat 
lower accuracy claimed (Ferguson et al., 1958) and the 
greater anisotropy of the Na atom, a detailed discus- 
sion should probably await the forthcoming three- 
dimensional refinement of these structures. 

(v) Electrostatic charge balance 
The importance of local electrostatic balance of 

charge as a factor in determining the stability of the 
alkali felspars has recently been considered by Fergu- 
son et al. (1958, 1959--see also MacKenzie & Smith, 
1959) who pointed out that  on this view the most 
stable potassium felspar would be monoclinic with or- 

dering (0.36A1 + 0-64Si) in site Siz and (0.14A1 + 0.86 Si) 
in site Si2. They further suggested that  orthoclase 
might in fact represent this structure. 

The degree of ordering deduced in (i) above is less 
than that  predicted for 'ideal orthoclase', and though 
the accuracy of our determination is not such as to 
exclude completely the possibility that  Spencer C is 
identical with 'ideal orthoclase', we believe that  this 
is unlikely. Comparable figures for the balance of 
charge in orthoclase (Spencer C), sanidine, ideal ortho- 
clase and microcline are shown in Table 7, with the 
degree of Si, A1 ordering for each structure. 

In discussing balance of charge for a structure in 
which a given site is occupied at random, sometimes 
by Si, sometimes by A1, so as to give a specified 
average Si, A1 content, it is necessary to keep in mind 
that  the calculation is essentially one involving a 
process of taking the average over a number of unit 
cells which differ in respect to the Si, A1 occupation 
of the tetrahedron sites. This point has been suffi- 
ciently emphasized in the publications listed above. 
I t  is mentioned here because of its possible significance 
for the interpretation of the shape of the K peak, to 
which attention has already been directed in (iii) 
above. 

Ferguson et al. (1958) use bond strengths given by 
the cation charge divided by the number of bonds to 
anions, without taking account of any variations in 
bond lengths within the group under consideration. 
This procedure is obviously satisfactory for the internal 
tetrahedron bonds which are almost identical in length. 
For K-O contacts each bond is assigned strength 1/9, 
but the justification for this is less obvious in view of 
the appreciable range in the contact distances listed by 

Table 7. Si, A1 ordering and balance of charge in potassium felspars 
O rthoclase Orthoclase 

Te t rahedron  Microcline Sanidine (Spencer C) ( ' Ideal ')  

Sil(O ) 0.25 A1 8.11 ] 0.25 A1 8.05 0.30 A1 8.03 0.36 A1 8.00 
Sil(m ) 0.56 A1 7.87 

Si~(O) 0.07 A1 8.00 ~ 0.25 A1 7-94 0.19 A1 7.98 0-14 A1 8-00 
Si2(m ) 0.08 A1 8.08 ) 
2:{A[ 0"32 0"22 0.10 0 

For  each s t ruc ture  the  table  gives first  the  degree of Si, AI ordering ( represented b y  the f ract ion of A1), then the  total  bond 
s t rength  con t r ibu t ed  to 0 -2 a toms,  for each te t rahedra l  group.  

The to ta l  devia t ions  f rom balance  2:1Zll are shown for Jour t e t rahedra l  groups in each case. 
The nomenc la tu re  for (triclinic) microcline is t h a t  of Bai ley  & Tay lor  (1955): the  figures for ba lance  of charge for microcline, 

sanidine and  ideal or thoclase are t aken  f rom Ferguson  et al. (1958). 

Table 8. Si, A1 ordering and K-O contact distances (A) in potassium felspars 
Averaged  microeline Orthoelase  Sanidine 

Si, A1 order ing 'Sil'---- 0.41 A1+0 .59  Si S i i = 0 . 3 0 A l + 0 . 7 0  Si S i1=0.25  A1+0-75  Si 
'Si2' = 0.08 A1 + 0.92 Si Si2-- 0.19 A l + 0 - 8 1 S i  Si~= 0.25 A I +  0.75 Si 

Dis tances  K - O A  1 2.889 (mean) 2.898 2.919 
OA 2 2.758 2.698 2.698 
OB 3.101 (mean) 3.029 3.026 
OC 3.132 (mean) 3.135 3-129 
OD 2.953 (mean) 3.111 2.948 

Nine K - O  contac t s  = 1 with OA 2, 2 each wi th  o ther  a toms.  
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Cole et al. (1949) (their Table 4) for sanidine and by 
Bailey & Taylor (1955) (their Table 8) for microcline. 
Comparison of these distances with the corresponding 
distances for orthoclase (Table 2) suggests a rather 
more detailed treatment. For this the distinction 
between Sit(O) and Sil(m), and between Sio_(O) and 
Sil(m), in triclinic microcline may be ignored, and we 
therefore collect together in Table 8 data for sanidine, 
orthoclase and 'microcline' in which the degree of 
Si, A1 ordering in the tetrahedral groups and the K-O 
contact distances are averaged in this way. The Si, A1 
ordering increases from sanidine to orthoclase to 
microcline, and at the same time the bonds K-OA 1 
diminish steadily, while the bond K-OA~. increases as 
between (sanidine and orthoclase) and microcline. 
Now OA1 is linked only to Sil atoms which contain 
higher proportions of A1 as order increases, and OA2 
is linked only to Si2 atoms in which the proportion of 
A1 falls as order increases. Therefore, if the strength 
of K-O bonds may be assumed to vary (inversely) 
with length, the trends observed in the potassium 
felspar series correspond to a change in strength of 
potassium bonds with OA1 and OA,,. The decrease 
in the strength of K-OA~. and increase of K-OA~ 
correspond to the change in Si, AI-O bond strength 
to these atoms with increase in the degree of Si, A1 
ordering. This is in harmony with the assumption that  
charge-balance is an important factor in controlling 
the structural detail. It  may be permissible to press 
the argument further; the total increase in the bond 
length K-OA2 (from sanidine to microcline) is much 
greater than the total corresponding decrease in the 
bonds K-OAt; this may be supposed to be due to the 
fact that  an atom OA1 has bonds with two K atoms, 
whereas an atom OA2 has only one K bond. 

Bonds between K and OB, OC, OD cannot be 
discussed in this simple way, since each such 0 atom 
is linked to one atom Sit and one atom Sic. Nor can 
the albite structures be included directly, since there 
are considerable differences between the coordination 
groups around the large K atom and the small Na 
atom. 

We conclude that, although too much emphasis 
should not be given to arguments such as these, they 
may point to the need for some refinement in detail in 
the use of the charge-balance hypothesis. 

(vi) The real symmetry of orthoclase 
The final results of the structure analysis, and all 

the discussion in Sections 5(i) to 5(v), are presented 
on the assumption that  the unit cell structure is truly 
monoclinic, space group C2/m. Since it has been 
suggested that  'orthoclase' is built up from triclinic 
microcline (Laves, 1952) the question of the real 
symmetry of our orthoclase structure needs careful 
consideration. 

We have no experimental evidence suggesting that 
the unit-cell dimensions of our orthoclase depart from 

monoclinic symmetry. Differences in the measured 
intensities of certain pairs of reflexions which must 
be identical if the structure is truly monoclinic have 
been assumed to be due to the effects of absorption 
and extinction. Diffuse streaks adjacent to Bragg 
reflexions have (peak) intensities so exceedingly feeble 
that we have ignored them in our structure analysis. 
(For fuller discussion of these experimental observa- 
tions, see Section 3(i).) We conclude, therefore, that 
(to a close approximation) there is nothing in the 
direct experimental data which is not in accordance 
with our assumed monoclinic symmetry. 

However, at a fairly early stage in the refinement 
process (based on C2/m) the difference syntheses 
showed an interesting feature--near the position of a 
Si(A1) atom a pair of + ve peaks and, forming a right- 
angled cross, a pair of - v e  peaks. The corresponding 
effect in a Fourier (Fo) synthesis would be a slight 
elongation of the atomic peak along the direction 
joining the pair of +ve  peaks in the difference syn- 
thesis. This feature may be explicable as follows" 

(a) It  may arise from imperfect corrections for 
absorption (see Section 3(ii)). For two reasons we con- 
sider this rather unlikely. First, if this were the 
explanation, every atom should be represented in the 
difference synthesis by a _+ cross oriented in the same 
direction. This is not observed. Second, in the case of 
the [010] projection, the application of an absorption 
correction produced no apparent alteration in the 
effect. 

(b) It  may indicate that  the atom suffers anisotropie 
thermal vibration with maximum amplitude (in projec- 
tion) along the line of the pair of + r e  peaks. An 
attempt to select anisotropie temperature factors for 
the Si(A1) atoms did not result in satisfactory flat- 
tening of the background in the difference syntheses, 
nor was much improvement in the R-value obtained 
beyond about 11%. This explanation, therefore, is not 
considered very probable. 

(c) The true symmetry of the structure may be lower 
than that of the holohedral monoclinie space group 
on which the refinement has so far been based. Thus 
in considering the projection along [010] the desired 
flattening of the background in the difference synthesis 
(i.e. the removal of the _+ cross) was quickly obtained, 
with reduction of the R-value to about 8"5%, on 
removing the mirror plane m of the space-group C2/rn. 
For the two atoms 0I a pair which are exactly super- 
imposed in the projection along [010] in C2/m can 
then be moved independently in x and z directions 
in the new space group C2; one atom of such a pair 
is moved towards one +ve  peak, the other towards 
the other +ve  peak, the displacements involved 
being small. Similarly, in dealing with the 'anisotropy' 
of the Si(A1) peaks also seen in the difference syntheses 
in [001] and [100] projections, it would be necessary 
to remove the axis 2, thus reducing the symmetry to 
triclinic. This procedure was, however, abandoned" 
for there was considerable doubt about, the reality of 
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a ref inement  process in which the improvement  is 
obtained s imply  by increasing the number  of variables 
available.  If this reasoning is valid, we m a y  conclude 
tha t  no great reliance could be placed upon the details 
of a s t ructural  in terpreta t ion of these features of the 
difference syntheses which depended upon the assump- 
tion of a triclinic atomic ar rangement  within a dimen- 
sionally-monoelinic uni t  cell. 

The true cell may,  however, be doubled in one direc- 
tion, while remaining monoclinic, with small  out-of- 
phase domains blurring out the addit ional  m a x i m a  
which correspond to the larger spacing. The observed 
electron densi ty  map is then an average of the two 
halves of the uni t  cell. An effect of this  k ind is obtained 
in celsian (Newnham & Megaw, 1960) if the weak 
max ima  with 1 odd are dcl ibcratcly omit ted from the 
synthesis.  

(d) The par t ia l  character  of the Si, A1 order itself 
constitutes a type  of 'disorder' .  The structure f inal ly  
de termined in the ref inement  process m a y  represent 
only the average arising from this type  of disorder, 
or i t  m a y  correspond to the average of consti tuents 
disordered in relation to s t ructural  details other than  
the type  of a tom (Si or A1) at the centres of tetrahedra.  
On continuing the ref inement  of this 'average'  ortho- 
clase, using C2/m, and with an isotropic temperature  
factor for the Si(A1) atoms, the final R-value was 7.2% 
(Table 4). In  the final difference syntheses the pairs 
of + v e  and - v e  peaks near (Si(AI) atoms remain,  
especially in the [010] projection, and similar but  less 
marked  effects m a y  be dist inguished with some of the 
0 atoms. 

On balance, therefore, we favour an interpreta t ion 
in terms of an 'average'  s tructure described by the 
parameters  of Table 1; the very  small  magni tude  of 
the effects which suggest this interpretat ion,  and the 
weakness of the diffuse streaks observed, must  be 
taken as evidence tha t  the structure of the true uni t  
cell must  differ only very sl ightly from the average 
structure thus determined.  

I t  is an obvious step to suppose tha t  the ' true'  
uni t  cell is tha t  of microcline, wh ich - -on  this v i ew- -  
when f inely twinned on albite and pericline laws 
produces our 'average'  orthoclase structure with 
apparen t ly  monoclinic symmetry .  Support  for this 
suggestion would be provided if a twinned microcline 
structure were to predict  _+ crosses in the observed 
orientations" we have, unfortunately,  failed to satisfy 
ourselves tha t  there is any  way in which this can be 
done, par t ly  on account of the il l-defined nature  of 
some of the observed +_ crosses. I t  must  not be for- 
gotten tha t  'microcline'  in such a mult iply-fine- 
twinned structure m a y  be distorted from the micro- 
cline structure in the single-crystal specimen, so tha t  
a t tempts  to discuss the geometry of an 'average'  
s tructure must  be ra ther  vague. 

An al ternat ive suggestion as to the true nature  of 
orthoclase has been made by Megaw (1959), based on 
stacking disorder in a 14/~ structure in which the 

Si, A1 dis t r ibut ion is similar  to tha t  in the anorthi te  
14/~ structure. Our analysis,  leading to a very slight 
concentrat ion of the A1 atoms into sites Sil, does not 
confirm the par t icular  faul t ing ten ta t ive ly  proposed 
by Megaw. There is no reason to suppose tha t  an 
appropriate  sys tem of stacking faults  could not be 
devised, but  i t  seems unl ikely tha t  a definite decision 
as to its va l id i ty  could be given on the basis of our 
measurements .  

At this  stage it also becomes necessary to ask 
whether  meaning can be a t tached to a discussion in 
terms of regions of recognizable microcline structure, 
or in terms of a hypothet ica l  faulted structure, or 
whether it is not more realistic to th ink  only in terms 
of local 'disorder'  arising as a consequence of the 
concentrat ion of A1 in site,~ of type Sil both in micro- 
cline and in orthoclase, whereas sites Si2 tend to con- 
tain a smaller proportion of A1. The observed difference 
in peak heights between Sil and Sis in both structures 
(already discussed in 3(ii)), whether  or not i t  is 
associated with greater peak width in orthoclase as 
it is in microcline, is certainly suggestive in this 
connection. The apparent  anisotropy of the K atom 
m a y  also have some bearing on this problem. 

We f inal ly conclude tha t  our analysis  falls short of 
the accuracy and resolution which might  permi t  a 
definite decision on the nature  of the presumed 
'average'  or disordered structure represented by the 
orthoclase parameters  of Table I. Such evidence as 
we have inclines to the view tha t  an a t t empt  to discuss 
our orthoclase structure as though it  were made up 
from mul t ip ly- twinned units  with a well-defined micro- 
cline structure is unl ikely to be physical ly  realistic, 
but  leaves unset t led the possibil i ty tha t  orthoclase 
represents a faul ted 14/~ structure. 
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The present paper shows a way starting from a matrix-theoretical representation of Fourier series 
and leading to the reduction by the symmetry properties of the matrix of Karle and I-Iauptman 
(i950) type, so that  a general form of fundamental inequalities involving structure factors can be 
derived for any given space group• 

I t  has been reported (Taguehi & Naya ,  1958) tha t  
when the  Kar le  & H a u p t m a n  mat r ix  is slightly 
modified by the  cyclic matr ix ,  the ma t r ix  F can be 
diagonalized completely, so t ha t  the characterist ic 
numbers  m a y  correspond to the electron densities; 
namely,  

p =  UFU -1, (1) 

where D and F are the  following N-dimensional  
matrices with N large: 

-~0 
" .  

O 
_ _  

0 ~N-1 , 

-No F-1 F-2 . . F2 FI- 
F1 F0 F-1 . . F3 F2 

• . . . .  . • • • • • . • • • . • • 

1 
F = ~  (2) 

* Deceased, 26 May 1959. 

U being a un i ta ry  mat r ix  used in the t ransformat ion.  
In t roducing the regular  representat ion for the cyclic 
group of order N, 

1, C, . . . ,  Ch, • • . ,  C ~'-1 

- 0  . . . .  0 1 -  
l 0  . . . .  0 
0 1 \  

C =  0 \ \  C X = l ,  (3) 
• . \ \ \  
• . \ 1 \ .  
0 0  . . 0 1 0  

F can be wri t ten as 
1 ~ - 1  

F =  ~ 2; FhC h . (4) 
h=0 

We shall extend equat ion (4) for the one-dimensional 
case to the three-dimensional one. The resul tant  
expression becomes to be 

1 ~ - 1  ~'-1 iv-1 1 _A'-I h 

F = ~  h=0 2; ~,=02; Z=02;F~ktC"xC~xCz=~V~h2-0~hC'_ 
(5) 


